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Abstract
The aim of this paper is twofold. First, we develop an explicit extension of the
Kirchhoff model for thin shells, based on the model developed by Michel Delfour
and Jean-Paul Zole´sio. This model relies heavily on the oriented distance function
which describes the geometry. Once this model is established, we investigate the
uniform stability of a structural acoustic model with structural damping. The result
no longer requires that the active wall be a plate. It can be virtually any shell,
provided that the shell is thin enough to accommodate the curvatures.
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1. Introduction
Structural acoustic systems are typically modeled by a three-dimensional
interactive system of partial differential equations (PDE) that consists
of a wave equation coupled with an equation describing the acoustic
chamber walls. Our overriding objective is to develop the mathematical
stabilization and optimal control theory of structural acoustic problems
under a variety of geometric conﬁgurations—in this paper we derive
the shell model to be studied and prove a uniform stability result.
The physical motivation for studying this kind of problem comes from
many engineering applications that arise, for instance, in the context
of controlling the pressure in a helicopter cabin or in reducing the noise
generated by an exterior ﬁeld. Noise control in the chamber is achieved
by means of a series of piezoceramic actuators attached to one section
of the chamber wall (generally called the ‘‘active’’ or ﬂexible wall). Through
a feedback control, the actuators are excited so as to produce a
bending moment and in-phase strains. These have the direct effect of noise
reduction.
2. Background and literature
Though PDE models describing acoustic interactions have existed for a
long time (see, e.g., [32]), recently the emergence of engineering applications
has sparked a growing interest in these models [3,5]. The practical aspects
of structural acoustic problems have been studied in [11,12,17,18,29]
and references therein. Structural acoustic interactions are modeled by a
coupled system of equations—a wave equation in the interior of the
chamber describing an acoustic pressure ﬁeld, and a plate/shell equation
representing the ﬂexible wall of the chamber. Noise control via piezoceramic
actuators is modeled by an unbounded control term acting on the ﬂexible
wall. The interaction between the equations is effected via velocity matching
on the boundary (active wall), which yields a fully coupled system of
hyperbolic–parabolic equations. The properties of the system depend
heavily on this coupling. The theory developed for the hyperbolic
and parabolic equations separately is of paramount importance here,
but the coupling between the equations introduces new phenomena. In fact,
that coupling, though it increases the level of mathematical difﬁculty,
also serves to propagate necessary stability from the parabolic to the
hyperbolic component. This is the case if the ﬂexible wall is assumed to
be structurally damped (Kelvin–Voight damping). The coupling of
the parabolic (wall) and hyperbolic (wave) equations yields a system whose
dynamics are related to an analytic semigroup [1]. Since analytic systems
are typically uniformly stable and their stability is ‘‘robust’’, it is natural to
expect that the overall system (analytic wall coupled with hyperbolic wave)
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will be stable as well. The coupling allows for the propagation of some of
the regularizing effect of analyticity onto the wave equation, resulting in a
uniformly stable system. In addition, optimal control with bounded
gains for this system is achievable even though the control operator is
intrinsically unbounded. This result was proved in [1]. Other possible models
for the ﬂexible wall include a higher-order Kirchhoff model with boundary
(mechanical) dissipation [10,34], and a model which includes thermal effects
on the wall [1,23,28]. Each of these systems has different mathematical
properties which affect the formulation and resolution of the stabilization
and control problems. All of the authors above have dealt with systems
in which the active wall is modeled by a ﬂat plate. However, the physical
problems considered typically involve curved walls. Thus, it is natural to
wish to model the ﬂexible wall with a shell equation. This problem was
considered in the work of Lasiecka and Marchand [24], which generalized
the result of [1] by using a shallow shell equation to model the active
wall. We will consider here a shell modeled by the intrinsic methods
of Michel Delfour and Jean-Paul Zole´sio (see [13–16] and references
therein). The motivation for using this new model comes exactly from the
need to manipulate the complicated shell equations in a more tractable
fashion.
3. Statement of the problem
Let OCR3 be a bounded open domain with boundary G: The boundary G
consists of two connected regions: the active wall G0; which is curved
and is modeled by a shell model based on the intrinsic geometry; and the
‘‘hard’’ wall G1: The precise assumptions required on G will be collected
below in Hypothesis 2 with appropriate comments, after introducing
the mathematical model. A cross-section of some sample domains O is
shown in Fig. 1.
1
1
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Fig. 1. A cross-section of relevant domains. The thick line denotes the portion of G subject to
boundary damping.
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3.1. Mathematical model (abstract form)
The PDE model considered consists of the wave equation in the
variable z:
@ttz ¼ c2Dz in O ð0;TÞ; ð1aÞ
@
@n
z ¼ d1@tz on G1  ð0;TÞ; ð1bÞ
@
@n
z ¼ d0@tz þ @tw on G0  ð0;TÞ; ð1cÞ
where the quantity rfl@tz is the acoustic pressure, rfl is the density of the
ﬂuid, c2 is the speed of sound as usual, and the constants diX0 represent
potential boundary damping. We assume that d0 þ d1 > 0: This equation is
coupled to a structurally damped shell equation which describes the motion
of the boundary G0: The displacement variable e ¼ ðeG;wÞ; where eG is a
vector giving the tangential displacement of the mid-surface of the shell in
local coordinates and w is a scalar giving the normal displacement of the
shell in local coordinates. In abstract form, the shell equation becomes
Mg@tteþAeþ aA@teþ rfl@tzjG0rb ¼ 0 on G0  ð0;TÞ; ð2aÞ
eG ¼ 0 on @G0  ð0;TÞ; ð2bÞ
w ¼
@w
@n
¼ 0 on @G0  ð0;TÞ: ð2cÞ
The precise form of the operators Mg and A is one of the main results of
this paper, Theorem 15. This formulation of the model is based on the
intrinsic tangential calculus developed by Delfour and Zole´sio [13]. The
constant a > 0 is the damping parameter, and rfl@tzjG0 represents back
pressure on the shell. The function bðxÞ which appears in this term is the
boundary distance function reviewed below in Section 4.1. In this
connection, rb functions to couple the velocity @tz with the normal
displacement of the shell w only (since we would not expect @tz to have a
major effect on the tangential displacements eG).
Note that the model (1)–(2) is unforced (no internal noise) and
uncontrolled since our intent here is stabilization. With the addition of a
forcing term in (1a) and a control operator on the right-hand side of (2a),
this model can also be used for analysis of the optimal control problem
described earlier.
3.2. Purpose of this paper
This paper develops a model of the shell based on the oriented distance
function and intrinsic shell model introduced by Delfour and Zole´sio. This
model uses the oriented distance function to attempt to circumvent some of
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the difﬁculties inherent in stability and control estimates. As soon as the
curvature of the wall comes into play, the resulting variable coefﬁcients in
the principal part of the operator increase the difﬁculty of the problem
greatly. The intrinsic shell model exploits the intrinsic geometry of the shell
to result in a formulation which mitigates these problems [13,14].
We seek here to extend this model to the case of a shell under the
Kirchhoff hypothesis. Previously in [16], the free modeling was studied in the
static case, with l ¼ 0: In [15, Theorem 5.1, p. 153] the Kirchhoff dynamical
case was treated in an abstract setting. In this paper, we carry out the entire
computation of the elastic energy which allows us to eliminate the technical
hypothesis (5.11) in [16]. We also present the explicit formulation in terms of
PDEs, Theorem 15, which is a generalization of the dynamical Kirchhoff
equation. We will obtain a Koiter-based model. In this formulation, the
dynamical Kirchhoff equations will appear as the coupling of a plate
equation in the deﬂection variable w and a wave system in the tangential
vector ﬁeld eG: After putting this complicated equation in abstract form, we
add a structural damping term to the shell. By means of velocity matching at
the boundary of the acoustic chamber, this structurally damped shell is
coupled to a wave equation in the interior of the chamber. The resulting
structural acoustic model is then shown to be uniformly stable (Theorem 18).
This stability result is instrumental for future work on control.
4. Preliminary considerations
In this section we present a brief overview of the oriented distance
function and the intrinsic tangential calculus that forms the basis of our shell
model. In addition, we introduce the set of hypotheses on the shell and on
the acoustic chamber that will be in force for the rest of this paper.
4.1. Overview of the oriented distance function and the intrinsic geometry
In order to improve readability we include here a brief discussion of the
oriented distance function and the intrinsic geometric methods of Delfour
and Zole´sio. Since by necessity this overview will lack detail, the reader is
referred to [13,14] for a deﬁnitive exposition on this topic.
Consider a domain OCR3 whose non-empty boundary @O is a C3 two-
dimensional submanifold of R3: Deﬁne the oriented (or signed) distance
function to O as
bðxÞ ¼ dOðxÞ  dR3\OðxÞ; ð3Þ
where d is the Euclidean distance from the point x to the domain O: In other
words, bðxÞ is simply the positive or negative distance to the boundary @O;
depending on whether we are outside or inside the domain O: It can be shown
that for every xA@O; there exists a neighborhood where the function rb ¼ n;
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the unit outward external normal to @O [13]. We now consider a subset
G0D@O which will eventually become the mid-surface of our shell. We deﬁne
the projection pðxÞ of a point x onto G0 as pðxÞ ¼ x  bðxÞrbðxÞ: The
orthogonal projection operator PðxÞ onto the tangent plane TpðxÞG0 is given
by PðxÞ ¼ I rbðxÞ#rbðxÞ: Then, we deﬁne a shell Sh of thickness h as
ShðG0Þ 	 fxAR
3 : pðxÞAG0; jbðxÞjoh=2g: ð4Þ
When G0a@O; the shell Sh has a lateral boundary
ShðG0Þ 	 fxAR
3 : pðxÞA@G0; jbðxÞjoh=2g; ð5Þ
where @G0 denotes the boundary of G0: A natural curvilinear coordinate
system ðX ; zÞ is thus induced on the shell Sh; where the coordinate vector X
gives the position of a point on the mid-surface G0; and zAðh2;
h
2
Þ gives the
vertical (normal) distance from the mid-surface. Using this notation, we also
deﬁne the ‘‘ﬂow mapping’’ TzðX Þ as
TzðX Þ ¼ X þ zrbðX Þ ð6Þ
for all X and z in Sh: This allows us to reconstruct the action at a given
height z of the shell, once we know the action of the mid-surface G0: Deﬁne
as Gz0 the surface TzðG0Þ at the ‘‘altitude’’ z: Then, one can also describe the
shell Sh as
Sh ¼
[h=2
z¼h=2
Gz0:
The mean and Gaussian curvatures of the shell will be denoted H and K ;
respectively. These can be reconstructed from the boundary distance
function bðxÞ by noting that at any point ðX ; zÞ; the matrix D2b has
eigenvalues 0; l1; l2: The curvatures are then given by 2H ¼ l1 þ l2 and
K ¼ l1l2:
4.2. Tangential differential calculus
Next, we mention brieﬂy some useful aspects of the tangential differential
calculus. We note that even though the middle surface is deﬁned as G0; since
G0CG for the sake of simplicity we will deﬁne the tangential operators on G:
Given fAC1ðGÞ; we deﬁne the tangential gradient rG of the scalar function
f by means of the projection as
rGf 	 rðf 3pÞðxÞjG: ð7aÞ
This notion of the tangential gradient is equivalent to the classical deﬁnition
using an extension F of f in the neighborhood of G; i.e. rGf ¼ rF jG 
@F
@nn
[13]. Following the same idea we can deﬁne the tangential Jacobian matrix
of a vector function vA½C1ðGÞ3 as
DGv 	 Dðv3pÞjG or ðDGvÞij ¼ ðrGviÞj ; ð7bÞ
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the tangential divergence as
divG v 	 divðv3pÞjG; ð7cÞ
the tangential Hessian D2Gf of fAC
2ðGÞ as
D2Gf ¼ DGðrGf Þ; ð7dÞ
the Laplace–Beltrami operator of fAC2ðGÞ as
DGf 	 divGðrGf Þ ¼ Dðf 3pÞjG ð7eÞ
and the tangential linear strain tensor of elasticity as
eGðvÞ 	 12ðDGv þ* DGvÞ ¼ eðv3pÞjG: ð7fÞ
Other quantities such as the tangential vectorial divergence of a matrix are
deﬁned by the same procedure as in Eq. (7) but are not discussed here
because they are not explicitly used in the current paper.
4.3. Model hypotheses
Hypothesis 1 (Hypotheses on shell). The following assumptions are imposed
on the shell Sh with mid-surface G0:
(i) The shell is assumed to be made of an isotropic and homogeneous
material, so that the Lame´ coefficients l > 0 and m > 0 are constant.
(ii) The thickness h of the shell is small enough to accommodate the
curvatures H and K ; i.e. the product of the thickness by the curvatures
is small as compared to 1. As a consequence, we shall drop terms of
order equal or greater than 2 in the series expansions with respect to
the radial variable. We also suppose that jðzÞ ¼ detðDTzÞ ¼ detðI 
zD2bÞ ¼ 1:
(iii) (Kirchhoff hypothesis) Let T be a transformation of the shell Sh; and
let e ¼ ðeG;wÞ be the corresponding transformation of the mid-surface.
In the classical thin plate theory named after Kirchhoff, the
displacement vectors T and e3p are related by the hypothesis that
the filaments of the plate initially perpendicular to the middle surface
remain straight and perpendicular to the deformed surface, and
undergo neither contraction nor extension. We may generalize this
hypothesis to the case of a shell using the intrinsic geometry, yielding
T ¼ e3p  bð *DGerbÞ3p: ð8Þ
Hypothesis 2 (Hypotheses on geometry of acoustic chamber). In the case
that the boundary damping coefficient di appearing in Eq. (1) equals zero (for
iAf0; 1gÞ; we will assume that
(i) the corresponding Gi is convex (i.e. the level set function describing Gi
has a non-negative Hessian in the neighborhood of Gi in O),
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(ii) Gi satisfies the following star-shaped condition: there exists a point
x0AR
3 such that
ðx  x0Þ  np0; xAGi;
where n is an outward normal vector to Gi:
Remark 3 (Suitability of Hypothesis 1(i)). In view of the eventual use of
this model for analysis of the optimal control problem, it is necessary to
comment on the appropriateness of the assumption that the Lame´
coefﬁcients are assumed constant. Clearly, when actuators are bonded to
the surface of the shell, the Lame´ coefﬁcients will not be constant
throughout the structure. However, the situation we have is no different
than that encountered with modeling of plates (see, e.g. [3,11,17]) or
cylindrical shells using traditional models [4]. We intend to use the same
procedure here. The standard assumptions used in the modeling of
piezoelectric–plate interactions are the following: (i) the patch and plate
are considered inﬁnite; (ii) the patch is assumed to have constant Lame´
coefﬁcients (though of course different than those of the plate), so that the
structure as a whole has at least piecewise constant Lame´ coefﬁcients; (iii)
the patch is assumed perfectly bonded to the plate; and (iv) at the
appropriate moment in the derivation, the piezoelectric element is assumed
not to signiﬁcantly affect the mass and stiffness loading of the plate [17]. The
assumption of perfect bonding implies that the strains are continuous across
the interface, but the differing material properties imply that there is a
discontinuity in the stresses. This stress distribution creates a pure bending
moment in the plate, and indeed it is possible to write an expression for the
interface strains as a function of the material properties and the
unconstrained piezoelectric element strains [17]. Even though all this is
done under the assumption that the plate and actuator are inﬁnite, it has
been shown by Liang and Rogers [30] that the stress ﬁeld for distributed
actuators is not affected by the free-edge up to four actuator thicknesses
from the boundary. Thus, the derivation holds for actuators large enough
with respect to their thickness. Finally, it should be noted that the procedure
followed in this paper to derive the equations of motion of the shell can also
be applied to a shell with piezoelectric patches under the assumption that the
density and the Lame´ coefﬁcients of the whole structure are piecewise
continuous. This calculation is provided in Appendix A. We note that it
does not affect our stability arguments as long as shell is internally damped
(structural damping) as in Eq. (2).
Remark 4 (Necessity of Hypothesis 1(ii)). This assumption is made for ease
of computation in this ﬁrst presentation of the model. The approximation
made in Hypothesis 1(ii) signiﬁcantly reduces the number of terms necessary
in the integrals evaluated in Section 5. However, this assumption is not
strictly necessary, and removing it is the subject of future work.
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Remark 5 (Utility of Hypothesis 2). Hypothesis 2 implies [23] the existence
of a vector ﬁeld ~hAC2ðOÞ such that ~h  n ¼ 0 on Gi; and the Jacobian matrix
of ~h; Jð~hÞ satisﬁes Jð~hÞ > c0 > 0 on O: If there is no boundary damping di on
Gi; this particular vector ﬁeld is needed for the construction of appropriate
multipliers in the proof of stabilization. Note that the shell Sh with mid-
surface G0 automatically satisﬁes this assumption.
We conclude this section with some remarks about notation. We shall
adopt the following notation:
jwjs;O 	 jwjHsðOÞ; ðu; vÞO 	
Z
O
uv dO:
The same notation will be used with O replaced by G0; etc. Throughout this
paper the conventions of [19] concerning tensors are used. For instance, we
will make no distinction between a second-order tensor or a matrix, nor will
we make a distinction between a ﬁrst-order tensor and a vector.
Consequently, we will not distinguish simple contraction and multiplication.
Finally, when f is a vector function, the notation *D2f refers to the third-
order tensor ðDð*DfÞÞijk ¼ @i@jfk:
5. Extension of the Kirchhoff model to the shells
In this section we generalize the Kirchhoff model to the case of a shell
with certain geometric properties. This model relies heavily on the oriented
distance function and the intrinsic shell model introduced by Michel Delfour
and Jean-Paul Zole´sio in [13].
5.1. The displacement
Let T be a transformation of the shell. We denote by e the transformation
of the mid-surface and by eG and en the tangential and normal components
of e:
w ¼ /e;rbS; ð9Þ
en ¼ wrb; ð10Þ
eG ¼ e en: ð11Þ
In the classical thin plate theory named after Kirchhoff, the displacement
vectors T and e3p are related by the hypothesis that the ﬁlaments of the plate
initially perpendicular to the middle surface remain straight and perpendi-
cular to the deformed surface and undergo neither contraction nor
extension. We may generalize this hypothesis to the case of a shell using
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the intrinsic geometry, which yields Hypothesis 1(iii). In particular, Eq. (8)
will be used often in the coming derivations.
Remark 6. When the shell is a plate, b ¼ z and rb is simply the vector
* ð0; 0; 1Þ: In this case we recover the classical Kirchhoff model. Speciﬁcally,
if T ¼* ðT1;T2;T3Þ and e ¼* ðe1; e2; e3Þ in the standard orthonormal axis
system, then
T1ðx; y; zÞ ¼ e1ðx; yÞ  z
@e3
@x
ðx; yÞ;
T2ðx; y; zÞ ¼ e2ðx; yÞ  z
@e3
@y
ðx; yÞ;
T3ðx; y; zÞ ¼ e3ðx; yÞ
8>>><
>>>:
ð12Þ
(see for instance [21,22]).
Lemma 7. The following identity holds for an intrinsic shell under the
Hypothesis 1(iii):
T ¼ eG3p þ ðwrbÞ3p þ bðD2beG rGwÞ3p: ð13Þ
Proof. First, we remark that ðrbÞ3p ¼ rb; and substituting this into the
Kirchhoff hypothesis (8) gives immediately
T ¼ eG3p þ ðw3pÞrb  bð*DGerbÞ3p: ð14Þ
From the deﬁnition of eG we have /eG;rbS ¼ 0; thus
rGð/eG;rbSÞ ¼ 0: ð15Þ
The left-hand side of Eq. (15) may be replaced by ð *DGeGÞrb þ D2beG; thus
ð *DGeGÞrb ¼ D2beG: ð16Þ
On the other hand, by deﬁnition e ¼ eG þ wrb: Hence,
*DGe ¼ * DGeG þrGw#rb þ wD2b
and further
*DGerb ¼* DGeGrb þ ðrGw#rbÞrb þ wD2brb:
Moreover rð/rb;rbSÞ ¼ 0; which gives D2brb ¼ 0 and eliminates the
last term. So, we obtain the following equality, previously established by
Michel Delfour and Jean-Paul Zole´sio:
*DGerb ¼ D2beG þrGw: ð17Þ
Substituting (17) into Eq. (14) gives the conclusion, Eq. (13). &
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5.2. The kinetic energy
Let rsh be the density of the shell. The kinetic energy is given by
Ek ¼
rsh
2
Z
Sh
j@tT j
2: ð18Þ
Using Lemma 7 yields
Ek ¼
rsh
2
Z h=2
h=2
Z
Gz0
j@teG3p þ ð@tw3pÞrb þ bðD2b @teG rG@twÞ3pj2:
By a change of variable and making the approximation jðzÞ ¼ 1 (see
Hypothesis 1(ii)), we obtain
Ek ¼
rsh
2
Z h=2
h=2
Z
G0
j@teG þ ð@twÞrb þ zðD2b@teG rG@twÞj
2:
Expanding gives
Ek ¼
rsh
2
Z h=2
h=2
Z
G0
j@teGj2 þ z2jD2b@teGj2 þ j@twrbj2 þ z2jrG@twj2
þ z/@teG;D2b@teGSþ/@teG; @twrbS z/@teG;rG@twS
þ z/D2b@teG; @twrbS z2/D2b@teG;rG@twS z/@twrb;rG@twS:
By integrating over z; and noticing that both /@teG; @twrbS ¼ 0 and jrbj ¼
1; we obtain
Proposition 8. The kinetic energy of the system is given by
Ek ¼
rshh
2
Z
G0
j@teGj
2 þ j@twj
2
þ
rshhg
2
Z
G0
jD2b@teGj
2 þ jrG@twj
2 /D2b@teG;rG@twS; ð19Þ
where g ¼ h
2
12
:
5.3. The elastic energy
Deﬁnition 9. Let w be a scalar and u a vector. We deﬁne the following
operators:
CGu ¼ 12 ðD
2b*DGu þ DGuD2bÞ;
C0Gu ¼
1
2
ð*DGuD2b þ D2bDGuÞ;
FGw ¼ 12 ððrb#rGwÞ þ ðrGw#rbÞÞ;
J. Cagnol et al. / J. Differential Equations 186 (2002) 88–12198
GGw ¼ 12 ððrb#rGwÞD
2b þ D2bðrGw#rbÞÞ;
VGu ¼ 12 ððD
2buÞ#rb þrb#ðD2buÞÞ;
SGw ¼ 12 ðD
2
Gw þ* D
2
GwÞ:
CG; C0G; FG and GG are the ﬁrst-order tangential operators, VG is a zero-
order tangential operator, and SG is the symmetrization of the Hessian
(which is not symmetric in the tangential calculus [13]).
Lemma 10. The following identity holds for a shell under Hypothesis 1(ii) and
(iii):
eðTÞ ¼ ðeGðeGÞ þ wD2b þ VGeGÞ3p
 bðeGðD2beGÞ þ CGeG þ SGw þ GGw þ wðD2bÞ
2Þ3p; ð20Þ
which can also be written in the equivalent form
eðTÞ ¼ ðeGðeGÞ þ VGeG þ wD2bÞ3p
 bðeGðD2beGÞ  VGðD2beGÞ
 C0GeG þ SGw þ GGw  wðD
2bÞ2Þ3p
 bðD2bðeGðeGÞ þ VGeG þ wD2bÞ
þ ðeGðeGÞ þ VGeG þ wD2bÞD2bÞ3p: ð21Þ
Proof. From the identity proved in Lemma 7 (Eq. (13)), we get immediately
that
DT ¼ DðeG3pÞ þ DððwrbÞ3pÞ þ DðbðD2beG rGwÞ3pÞ: ð22Þ
We inspect each term on the right-hand side separately.
The first term of (22): Consider a generic vector function u deﬁned on the
mid-surface.
Dðu3pÞ ¼ DGu3pðI  bD2bÞ ð23Þ
¼ DGu3p  bDGu3pD2b ð24Þ
¼ DGu3p  bðDGuD2bÞ3p: ð25Þ
To obtain (25) from (24) we use that
D2b3p ¼D2bðI  bD2bÞ1
¼D2b þ terms of order 1 in b:
We substitute this into (24) and apply Hypothesis 1(ii). Thus, the ﬁrst-order
series expansion of Dðu3pÞ in the radial variable is given by (25). When
u ¼ eG; (25) gives
DðeG3pÞ ¼ DGeG3p  bðDGeGD2bÞ3p;
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once symmetrized we obtain the ﬁrst contribution to eðTÞ as
ðeGðeGÞÞ3p  bðCGeGÞ3p: ð26Þ
The second term of (22): Using (25) we have
DððwrbÞ3pÞ ¼DGðwrbÞ3p  bðDGðwrbÞD2bÞ3p
¼ðrb#rGw þ wD2bÞ3p
 bððrb#rGwÞD2b þ wðD2bÞ
2Þ3p;
once symmetrized we obtain
ðFGw þ wD2bÞ3p  bðGGw þ wðD2bÞ
2Þ3p: ð27Þ
The third term of (22): Again, we use (25).
DðbðD2beG rGwÞ3pÞ
¼ ðD2beG rGwÞ3p#rb þ bDððD2beG rGwÞ3pÞ:
Hence, the series expansion without the radial terms of order 2 or above
(Hypothesis 1(ii)) gives
DðbðD2beG rGwÞ3pÞ ¼ ðD2beG#rb rGw#rbÞ3p
þ bðDGðD2b eGÞ  D2GwÞ3p;
once symmetrized we obtain
ðVGeG  FGwÞ3p þ bðeGðD2beGÞ  SGwÞ3p: ð28Þ
Finally,
eðTÞ ¼ ðeGðeGÞ þ VGeG þ wD2bÞ3p
 bðeGðD2beGÞ þ CGeG þ GGw þ wðD2bÞ
2 þ SGwÞ3p; ð29Þ
which yields the result. The equivalent formulation (21) can be derived from
the fact that
CGeG ¼ C0GeG þ D
2beGðeGÞ þ eGðeGÞD2b ð30Þ
and
D2bVGeG þ VGeGD2b
¼ 1
2
ðD2bðD2beGÞ#rb þrb#D2beGD2bÞ ¼ VGðD2b eGÞ ð31Þ
by symmetry of D2b and the fact that D2brb ¼ 0: Eqs. (30) and (31) enable
the re-writing of
CGeG þ wðD2bÞ
2
¼  C0GeG þ D
2bðeGðeGÞ þ VGeG þ D2bwÞ
þ ðeGðeGÞ þ VGeG þ D2bwÞD2b  ðD2bÞ
2w  VGðD2b eGÞ: ð32Þ
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Substituting (32) into (21) gives the desired result. We note that
the term eGðD2beGÞ can of course be expanded to the expression
D3beG þ C0GeG; but in the interest of readability we choose not to do so
here. &
Remark 11. Though form (20) is more compact and will be used for the
remainder of the paper, form (21) is presented for readers familiar with the
classical Koiter shell model [20]. Indeed, the strain tensor (21) corresponds
exactly to the Koiter linear model with ‘‘modiﬁed’’ change of curvature
tensor. The advantages of this model are discussed in [9]. More explicitly,
using the relationships explored in [14, pp. 15–18], we have the following
equivalence between covariant and tangential derivatives [14, Eqs. (3.26)
and (3.58)]:
eajb ¼ /ðDGðeGÞ þ rb#D2beGÞta; tbS; ð33Þ
where ta; tb denote the tangential unit vectors corresponding to the
classical tangential unit vectors ~aa;~ab: Noting that the classical bab is
equivalent to the intrinsic D2b; the components of the classical
strain tensor of the middle surface
%
g can be translated into the intrinsic
geometry by
gabðeÞ ¼
1
2
ðeajb þ ebjaÞ  babe3
¼/ðeGðeGÞ þ VGeG þ wD2bÞta; tbS:
Similarly, using (33) and the fact that eGðD2beGÞ ¼ D3beG þ C0GeG; we
translate Koiter’s change of curvature tensor
%
r by
ramðeÞ ¼ e3jam  b
l
ablme3 þ b
l
ajmel þ b
l
aeljm þ b
l
melja
¼/ðSGw þ GGw  ðD2bÞ2w  D3beG  2C0GeG  VGðD
2beGÞÞta; tmS:
From now on, and when no confusion is possible, we will note e instead of
eðTÞ: Assuming Hypothesis 1(i) (the isotropy and homogeneity of the
material), one can apply Hooke’s law to give the elastic energy Ep ¼ 12
R
Sh
s::e
where s ¼ lðtr eÞI þ 2me: This gives
Ep ¼
l
2
Z
Sh
ðtr eÞ2 þ m
Z
Sh
tr e2: ð34Þ
Recall that l ¼ Enð1þnÞð12nÞ > 0 and m ¼
E
2ð1þnÞ > 0 are the Lame´ coefﬁcients.
Remark 12. At this point in the computation of the elastic energy, it is
customary to impose the hypothesis of plane stresses: s::ðrb#rbÞ ¼ 0
(which in local coordinates is denoted s33 ¼ 0). As is well understood (see,
e.g. [6]), this assumption implies a change of Lame´ coefﬁcient l to En
1n2; while
m remains unchanged. The same situation arises in the case of plates, we
refer to [22] for further details. This modiﬁed expression for l is more in line
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with both experimental evidence and asymptotic models. This does not
affect any of the mathematical arguments to follow, so the imposition of this
hypothesis is left to the discretion of the reader.
We shall now compute both integrals as functions of eG; w and the
geometrical properties of the shell: b; h; H and K :
Remark 13. From D2brb ¼ 0 we obtain easily that tr VGu ¼ 0; tr GGw ¼ 0;
and trðVGuD2bÞ ¼ 0 for any vector u:
We start with the ﬁrst integral. We have Db ¼ tr D2b ¼ 2H and
trððD2bÞ2Þ ¼ 4H2  2K : Using Lemma 10 and the equalities presented in
Remark 13, we have
tr e ¼ ðdivGðeGÞ þ 2HwÞ3p
 b ðdivGðD2beGÞ þ trðCGeGÞ  DGw þ ð4H2  2KÞwÞ3p: ð35Þ
Let us compute the integral of that term over the shell. The Federer
decomposition yieldsZ
Sh
ðtr eÞ2 ¼
Z h=2
h=2
Z
Gz0
ðtr eÞ2:
Let jðzÞ ¼ detðDTzÞ ¼ 1þ 2Hz þ Kz2: Then the right-hand side may be
replaced byZ h=2
h=2
Z
G0
ððtr eÞ23TzÞjðzÞ:
Hypothesis 1(ii) yields jðzÞ ¼ 1 and since p3Tz ¼ I ; from (35) we getZ
Sh
ðtr eÞ2 ¼
Z h=2
h=2
Z
G0
ðdivGðeGÞ þ 2HwÞ
2
þ zðdivGðD2beGÞ þ trðCGeGÞ þ DGw þ ð4H2  2KÞwÞ
2:
This givesZ
Sh
ðtr eÞ2 ¼
Z
G0
hðdivGðeGÞ þ 2HwÞ
2
þ
h3
12
ðdivGðD2beGÞ þ trðCGeGÞ þ DGw þ ð4H2  2KÞwÞ
2:
The computation of the second integral is similar, resulting in
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Proposition 14. The elastic energy of the system is given by
Ep ¼
lh
2
j2Hw þ divG eGj20;G0
þ
lh3
24
jDGw þ trðCGeGÞ  divGðD2beGÞ þ ð4H2  2KÞwj20;G0
þ mh
Z
G0
tr½ðeGðeGÞ þ D2bw þ VGeGÞ
2
þ
mh3
12
Z
G0
tr½ðSGw þ CGeG  eGðD2beGÞ þ GGw þ wðD2bÞ
2Þ2:
ð36Þ
6. PDE formulation of the model
The aim of this section is to give the strong formulation of the model in
terms of PDEs.
6.1. Notations
We consider a family of linear differential operators Lji : The superindex
refers to the order of the operator. Let
L11u ¼ trððeGðuÞ þ VGuÞD
2bÞ;
L12u ¼ trðCGuÞ;
L13u ¼ trððCGu  eGðD
2buÞÞðD2bÞ2Þ;
L21u ¼ trððSGu þ GGuÞðD
2bÞ2Þ
and deﬁne the following operators by the weak formulation:Z
G0
/L22u; vS ¼
Z
G0
trððeGðuÞ þ VGuÞðeGv þ VGvÞÞ;
Z
G0
/L23u; vS ¼
Z
G0
trðCGu  eGðD2buÞÞðCGv  eGðD2bvÞÞ;
Z
G0
/L31u; vS ¼
Z
G0
trððSGu þ GGuÞðCGv  eGðD2bvÞÞÞ;
Z
G0
/L41u; vS ¼
Z
G0
trððSGu þ GGuÞðSGv þ GGvÞÞ:
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Let A1; A2; and B1 be the following operators:
A1w ¼ 2l*L12ð4H
2  2KÞw þ 2lD2brGðð4H2  2KÞwÞ þ 4mnL13w;
A2w ¼ 2lDGðð4H2  2KÞwÞ þ 2lð4H2  2KÞDGw þ 4mL21w þ 4m*L
2
1w;
B1eG ¼ 2lð4H2  2KÞL12eG  2lð4H
2  2KÞ divGðD2beGÞ þ 4mL13eG
and let
kg ¼ 4H2lþ ð8H2  4KÞmþ gðð4H2  2KÞ
2l
þ 2ð16H2  16H2K þ 2K2ÞmÞ > 0:
Theorem 15 (Strong form of the shell model). The normal component of the
displacement w is governed by a scalar equation that behaves like a plate
equation:
2rsh@ttw þ 4lH divG eG þ 4mL
1
1eG þ 2kgw
þ gð2rshDG@ttw þ 2lD
2
Gw þ 4mðL
4
1wÞ þ A
2w þ rsh divGðD
2b@tteGÞ
þ 2lDGL12eG  2lDGðdivGðD
2beGÞÞ þ 4m*L31eG þ B
1eGÞ ¼ 0 ð37Þ
and the tangential component eG is governed by a vectorial equation that
behaves like a wave equation:
2rsh@tteG þ 4mL
2
2eG  2lrG divG eG  4lrGðHwÞ þ 4m*L
1
1w
þ gð2lD2b rG divGðD2beGÞ  2l*L12 divGðD
2beGÞ þ 2lD2brGL12eG
 rshD
2brG@ttw þ 2rshðD
2bÞ2 @tteG þ 2l*L12L
1
2eG þ 4mL
2
3eG
þ 2l*L12DGw þ 2lD
2brGDGw þ 4mL31w þ A
1wÞ ¼ 0: ð38Þ
On @G0  ð0;TÞ which is clamped, one has the boundary conditions
eG ¼ 0; ð39Þ
w ¼ 0; ð40Þ
@w
@n
¼ 0: ð41Þ
6.2. Principle of virtual work—proof of Theorem 15
Proof. Let us consider a ﬁnal time t: Among all kinematically admissible
displacements, the actual motion of the shell will make the following
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Lagrangian stationary:
LðeÞ ¼
Z t
0
EkðeÞ  EpðeÞ:
We consider the Gaˆteaux-derivative in a direction #e;
8#e;
@Lðeþ y#eÞ
@y

y¼0
¼ 0: ð42Þ
Thus, we obtain an expression vanishing for any #e: We use #eð0Þ ¼ @t #eð0Þ ¼
#eðtÞ ¼ @t #eðtÞ ¼ 0: Applying these equalities and integration by parts, we
derive that the following expression vanishes for all #e:Z t
0
Z
G0
2rsh/@tteG; eˆGS 2rsh@ttwwˆ
þ 2l/rG divG eG; eˆGS 4m/L22eG; eˆGSþ 4l/rGðHwÞ; eˆGS
 4lH divG eGwˆ  4m/*L11w; eˆGS
 4mL11eGwˆ  8lH
2wwˆ  4mð4H2  2KÞwwˆ
þ
h2
12
Z t
0
Z
G0
2rsh/ðD
2bÞ2@tteG; eˆGSþ 2rshDG@ttwwˆ
 rsh divGðD
2b@tteGÞwˆ þ rsh/D
2brG@ttw; eˆGS 2lðD2GwÞwˆ
 2lð4H2  2KÞÞDGwÞwˆ  2lDGðð4H2  2KÞwÞwˆ
 2lð4H2  2KÞ2wwˆ  2l/D2b rGðð4H2  2KÞwÞ; eˆGS
 4mðL41wÞwˆ  2lDGL
1
2eGwˆ  2l/*L
1
2DGw; eˆGS
 2lð4H2  2KÞL12eGwˆ  2l/*L
1
2ð4H
2  2KÞw; eˆGS
þ 2lðDG divGðD2beGÞÞwˆ  2l/D2brGDGw; eˆGS
þ 2lðð4H2  2KÞ divGðD2beGÞÞwˆ  2l/*L12L
1
2eG; eˆGS
 2l/D2brGL12eG; eˆGSþ 2l/*L
1
2 divGðD
2beGÞ; eˆGS
þ 2l/D2brG divGðD2beGÞ; eˆGS
 4m/L23eG; eˆGS 4mð*L
3
1; eGÞwˆ
 4m/L31w; eˆGS 4m/ *L
1
3w; eˆGS 4mð16H
4  16H2K þ 2K2Þwwˆ
 4mðL13eGÞwˆ  4mL
2
1wwˆ  4m*L
2
1wwˆ ¼ 0:
Therefore, we getZ t
0
Z
G0
/ 2rsh@tteG  4mL
2
2eG þ 2lrG divG eG
þ 4lrGðHwÞ  4m*L11w; eˆGS
þ/ð2rsh@ttw  4lH divG eG  4mL
1
1eG  2kgwÞrb; enS
þ
h2
12
Z t
0
Z
G0
/ 2l*L12DGw  2l*L
1
2ð4H
2  2KÞw  4mL31w
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þ rshD
2brG@ttw  2rshðD
2bÞ2@tteG  2lD2brGDGw
 2lD2brGðð4H2  2KÞwÞ  2l*L12L
1
2eG  2lD
2brGL12eG
þ 2l*L12 divGðD
2beGÞ þ 2lD2brG divGðD2beGÞ  4mL23eG
 4m*L13w; eˆGSþ /ð2rshDG@ttw  2lðD
2
GwÞ  2lð4H
2  2KÞDGw
 2lDGð4H2  2KÞw  4mðL41wÞ  rsh divGðD
2b@tteGÞ  2lDGL12eG
 2lð4H2  2KÞL12eG  4mðL
1
3eGÞ þ 2lðDG divGðD
2beGÞÞ þ 2lðð4H2
 2KÞdivGðD2beGÞÞ  4mð*L31eGÞ  4mL
2
1w  4m*L
2
1wÞrb; enS
¼ 0:
From the weak form stated above, we immediately derive Eqs. (37) and (38).
The attachment on @G0  ð0;TÞ can be represented by e ¼ 0 which means
eG ¼ 0; ð43Þ
w ¼ 0: ð44Þ
The fact that the shell is clamped can be represented by *DGerb ¼ 0:
Using (17), this becomes D2beG þ ðrGwÞ3p ¼ 0: Therefore, rGw ¼ 0:
Using w ¼ 0; we have that
@w
@n
¼ 0: ð45Þ
This achieves the proof of Theorem 15. &
6.3. Properties of the elastic and kinetic operators
Deﬁne the space H 	 ½L2ðG0Þ3: In this section we wish to identify an
operator Mg so that hðMg@te; @teÞH is the kinetic energy of the system Ek;
and an operator A so that hðAe; eÞH is the potential energy of the system.
We identify Mg in the weak form as
4ðMg@te; @t #eÞH ¼ rsh½2ð@teG; @t #eGÞG þ 2gððD
2bÞ@teG; ðD2bÞ@t #eGÞG
 gðrG@tw; ðD2bÞ@t #eGÞG  gððD
2bÞ@teG;rG@twˆÞG
þ 2ð@tw; @twˆÞG þ 2gðrG@tw;rG@twˆÞG: ð46Þ
We note that
ðMge; eÞH ¼
rsh
2
jwj20;G0 þ jeGj
2
0;G0 þ
h2
12
jrGwj20;G0
	
þ
h2
12
jD2beGj20;G0 þ
h2
12
jrGw  D2beGj20;G0


ð47Þ
XCðjeGj
2
0;G0 þ jwj
2
0;G0 þ gjwj
2
1;G0 Þ; ð48Þ
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so that Mg is bounded and coercive on the space
½L2ðG0Þ2  H10 ðG0Þ:
Mg is positive and self-adjoint for gX0: The strong form ofMg is given by
inspection of Theorem 15 (Eqs. (37) and (38)). Again, we wish to identify an
operator A such that hðAe; eÞH ¼ Ep:
2ðAe; #eÞH
¼ ð
ﬃﬃﬃﬃ
kg
p
w;
ﬃﬃﬃﬃ
kg
p
wˆÞG þ lgðDGw;DGwˆÞG
þ lgðð4H2  2KÞw;DGwˆÞG þ lgðDGw; ð4H
2  2KÞwˆÞG
þ lðdivG eG;divG #eGÞG
þ 2mg
Z
G
trððSGw þ GGwÞÞðSGwˆ þ GGwˆÞÞ dG
þ 2m
Z
G
trððeGðeGÞ þ VGeGÞðeGð #eGÞ þ VGðeGÞÞÞ dG
þ lgðtrðCGeGÞ; trðCG #eGÞÞG  lgðtrðCGeGÞ; divGðD
2b #eGÞÞÞG
 lgðdivGðD2beGÞ; trðCG #eGÞÞG
þ lgðdivGðD2beGÞ;divGðD2b #eGÞÞÞG
þ 2lðH divG eG; wˆÞG
þ 2lðw;H divG #eGÞG þ 2mðtrððeGðeGÞ þ VGeGÞD
2bÞ; wˆÞG
þ 2mðw; trððeGð #eGÞ þ VG #eGÞD2bÞÞG þ lgðtrðCGeGÞ;DGwˆÞG
þ lgðDGw; trðCG #eGÞÞG þ lgðð4H
2  2KÞw; trðCG #eGÞÞG
þ lgðð4H2  2KÞwˆ; trðCGeGÞÞG
þ 2mg
Z
G
trððCGeG  eGðD2beGÞðSGwˆ þ GGwˆÞÞ dG
þ 2mg
Z
G
trððCG #eG  eGðD2b #eGÞðSGw þ GGwÞÞ dG
 lgðdivGðD2beGÞ;DGwˆÞG  lgðdivGðD
2beGÞ; ð4H2  2KÞwˆÞG
 lgðDGw; divGðD2b #eGÞÞG  lgðð4H
2  2KÞw; divGðD2b #eGÞÞG
þ 2mgðtrððSGw þ GGwÞðD2bÞ
2Þ; wˆÞG
þ 2mgðw; trððSGwˆ þ GGwˆÞðD2bÞ
2ÞG
þ 2mg
Z
G
trððCGeG  eGðD2beGÞÞðCG #eG  eGðD2b #eGÞÞÞ dG
þ 2mgðtrððCGeG  eGðD2beGÞÞðD2bÞ
2Þ; wˆÞG
þ 2mgðw; trððCG #eG  eGðD2b #eGÞÞðD2bÞ
2ÞÞG: ð49Þ
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A little manipulation shows that indeed
ðAe; eÞH ¼
lh
2
j2Hw þ divG eGj20;G0
þ
lg
2
jDGw þ trðCGeGÞ  divGðD2beGÞ þ ð4H2  2KÞwj20;G0
þ mh
Z
G0
tr½ðeGðeGÞ þ D2bw þ VGeGÞ
2
þ mg
Z
G0
tr½ðSGw þ CGeG  eGðD2beGÞ þ GGw þ wðD2bÞ
2Þ2:
Proposition 16. The operator A is bounded and coercive on ½H10 ðG0Þ
2 
H20 ðG0Þ:
Proof. The boundedness follows directly by inspection of (49). The
expression for the strain tensor given in Lemma 10 is identical to that of
Koiter (see Remark 11). Thus, the proof of Proposition 16 follows directly
from the work of Bernadou and Ciarlet [7] (see also [8]). Following [6, pp.
23–30]
ðAe; eÞHX c
Z
G0
jeGðeGÞ þ VGeG þ wD2bj2
þ c
Z
G0
jeGðD2beGÞ þ CGeG þ SGw þ GGw þ wðD2bÞ
2j2:
ð50Þ
A key step is to prove that e belongs to L2ðG0Þ
2  H1ðG0Þ with
eGðeGÞ þ VGeG þ wD2bAL2ðG0;G0Þ;
eGðD2beGÞ þ CGeG þ SGw þ GGw þ wðD2bÞ
2AL2ðG0;G0Þ;
(
if and only if eAH1ðG0Þ
2  H2ðG0Þ: Then, the following inequalities hold:
c0jej2H1ðG0ÞH2ðG0Þp
Z
G0
jeGj2 þ
Z
G0
jrwj2 þ
Z
G0
jeGðeGÞ þ VGeG þ wD2bj2;
Z
G0
jeGðD2beGÞ þ CGeG þ SGw þ GGw þ wðD2bÞ
2j2pc00jej2H1ðG0ÞH2ðG0Þ;
then Z
G0
jeGðeGÞ þ VGeG þ wD2bj2
þ
Z
G0
jeGðD2beGÞ þ CGeG þ SGw þ GGw þ wðD2bÞ
2j2 ¼ 0; ð51Þ
if and only if e is a rigid body motion, that is, e ¼ a þ b4x where a and b are
constant vectors in R3: Classically [33], clampness then gives that e ¼ 0:
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Finally, a contradiction argument absorbs lower-order terms into the energy
and the coercivity is proved. &
Thus, the shell model can be given in an abstract form which is familiar
from the literature (see, e.g. [26,27]):
ðMg@tte; #eÞH þ ðAe; #eÞH ¼ 0; ð52Þ
where
H 	 ½L2ðG0Þ3;
Mg :H-H;
A :H-H;
the operators A and Mg are unbounded, closable, densely deﬁned and
acting on ½L2ððG0Þ3:
7. Structural acoustic model
Our goal, of course, is to discuss stability properties of an acoustic
chamber with the ﬂexible wall modeled by the shell equations (37) and (38).
The structural vibrations of the elastic curved wall will be represented by a
shell equation using the operators deﬁned above. Because the ‘‘free’’ system
is known not to be uniformly stable [31], it is necessary to add some form of
internal damping to the shell equation. A popular way of stabilizing beams
and shells is to rely on structural damping, since this is a very strong effect,
and has additional regularizing properties which will be necessary for
optimal control. Thus, we add a term representing the Kelvin–Voight
structural damping, which is modeled in the abstract formulation as the
operator A acting on the time derivative of e: This gives us the following
shell equation:
Mg@tteþAeþ aA@teþ rfl@tzjG0rb ¼ 0 on G0  ð0;TÞ; ð53aÞ
eG ¼ 0 on @G0  ð0;TÞ; ð53bÞ
w ¼
@w
@n
¼ 0 on @G0  ð0;TÞ: ð53cÞ
Here A and Mg are deﬁned by (49) and (46), respectively; the constant
a > 0 is the damping parameter; the term rfl@tzjG0 represents back pressure
on the shell; and the parameter g ¼ h
2
12
> 0: It is well known that in order to
achieve stability of the entire coupled system, we must have some damping
in the acoustic system—damping on the active wall alone will not sufﬁce
[1,31]. We will discuss a model which includes linear boundary damping on
the chamber wall G: In addition, with the aim of minimizing the amount of
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damping necessary, we enforce the geometric condition Hypothesis 2 on the
undamped part of G: Then, the acoustic medium in the chamber will be
described by the wave equation in the variable z (where the quantity rfl@tz is
the acoustic pressure, and rfl is the density of the ﬂuid)
@ttz ¼ c2Dz in O ð0;TÞ; ð54aÞ
@
@n
z ¼ d1@tz on G1  ð0;TÞ; ð54bÞ
@
@n
z ¼ d0@tz þ @tw on G0  ð0;TÞ: ð54cÞ
Here c2 is the speed of sound as usual, and the constants diX0
represent potential boundary damping. We assume that d0 þ d1 > 0: In the
case that one of the di ¼ 0; we need to impose the geometrical Hypothesis 2
on Gi:
8. Uniform stability of the coupled model
In this section we will show the uniform stability of the coupled PDE
system (53)–(54). Without loss of generality, we will take c ¼ rfl ¼ 1: In
what follows we shall use the following space describing compatibility
conditions among the elements of the state space:
X0 ¼ x ¼ ðz1; z2; e1; e2ÞAX ¼ Hz  Hv :fZ
O
z2 dO ¼
Z
G0
w1 dG0  d1
Z
G1
z1 dG1  d0
Z
G0
z1 dG0

; ð55Þ
where w1 ¼ ðe1Þ3; the last component of the vector e1; and
Hz ¼ H1ðOÞ  L2ðOÞ;
Hv ¼DðA
1
2Þ DðM
1
2
gÞ
¼ ½H10 ðG0Þ
2  H20 ðG0Þ  ½L2ðG0Þ
2  H10 ðG0Þ:
The role of the compatibility conditions imposed on X0 is simply to prevent
steady states from being admissible. In fact, it can be shown by an
elementary compactness/uniqueness argument that the norm governed by
X0 is a norm (and not a semi-norm) on H
1ðOÞ  L2ðOÞ for the wave
component. We begin with a preliminary result that shows that the system is
well-posed.
Theorem 17 (Well-posedness). Let OCR3 be a bounded open domain with
boundary G as previously described. Then, for all initial data xð0ÞAX0; where
X0 is defined in (55), the solution x ¼ ðz; @tz; e; @teÞ to Eqs. (53)–(54) exists and
is unique.
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Proof. By standard methods (we omit the details, see, e.g., [1,2,10]) we can
write the system in the abstract form @tx ¼ Ax and show that A is a densely
deﬁned closed operator, and both A and An are dissipative on X0: Hence,
the problem under consideration is maximal dissipative, and the result of the
theorem follows from general semi-group theory. We note also that the
compatibility condition (55) eliminates the possibility of a zero eigenvalue. &
Our main result is the following.
Theorem 18 (Uniform stability). Let OCR3 be a bounded open domain with
boundary G as previously described. Consider the model (53)–(54) with d0 þ
d1 > 0; and in the case where one of the di ¼ 0; the geometric condition given
by Hypothesis 2 holds on the corresponding Gi: Then, the dynamics described
by the Eqs. (53)–(54) generate an exponentially stable semi-group in the
uniform operator topology of LðX0Þ; where X0 is given by (55). That is to say,
for any initial state xð0Þ; there exist constants d > 0 and MdX1 such that for
all t > 0; the solution xðtÞ ¼ ðz; @tz; e; @teÞ is bounded as
jxðtÞjX0pMdedtjxð0ÞjX0 ;
where
j  jX0 	 j  jH1ðOÞL2ðOÞ½H10 ðG0Þ2H20 ðG0Þ½L2ðG0Þ2H10 ðG0Þ:
To prove this theorem, our strategy is to study the shell equations on G0
and the wave equation on O separately and combine the results. In the case of
the shell equation, we will use the multiplier e in order to yield an estimate of
the shell energy. For the wave equation, we take advantage of the multipliers
z; z div h; and h  rz; where h is a suitably constructed vector ﬁeld. This leads
to an estimate of energy plus lower-order terms, which are then absorbed via
a standard uniqueness/compactness argument. We begin with a preliminary
energy identity which illustrates the fact that the system is dissipative.
Proposition 19. With respect to the system of equations (53)–(54), the
following energy equality holds for all T > 0:
Eð0Þ ¼EðTÞ þ 2a
Z T
0
jA
1
2@tej
2
H dt
þ 2d1
Z T
0
j@tzj
2
0;G1 dt þ 2d0
Z T
0
j@tzj
2
0;G0 dt; ð56Þ
where the energy EðtÞ is defined as follows:
EðtÞ ¼EeðtÞ þ EzðtÞ
¼ jM
1
2
g@tej2H þ jA
1
2ej2H þ j@tzj
2
0;O þ jrzj
2
0;O: ð57Þ
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Proof. We use the multiplier @tz on the wave equation and @te on the shell
equation, and integrate by parts when necessary. Combining the two yields
the equality given above. &
8.1. Estimate of the shell energy
Proposition 20. With respect to the shell equation (53), the following
inequality holds:Z T
0
EeðtÞ dt ¼
Z T
0
jM
1
2
g@tej
2
H þ jA
1
2ej2H
	 

dt
pC½Eð0Þ þ EðTÞ þ C
Z T
0
ðjA
1
2@tej
2
H þ j@tzj
2
0;G0 Þ dt: ð58Þ
Proof. In order to derive with an appropriate estimate of the shell energy,
we use the multiplier e on the shell equation.Z T
0
ðMg@tteþAeþ aA@teþ @tzrb; eÞH dt ¼ 0: ð59Þ
Integration by parts and application of boundary conditions givesZ T
0
jM
1
2
g@tej
2
H dt 
Z T
0
jA
1
2ej2H dt
¼ ðM
1
2
g@te;M
1
2
geÞHj
T
0 þ
a
2
Z T
0
@
@t
jA
1
2ej2H dt þ
Z T
0
ð@tz;wÞG0 dt: ð60Þ
Subtracting 2
R T
0 jM
1
2
g@tej2H from both sides and taking norms gives

Z T
0
jM
1
2
g@tej2H dt 
Z T
0
jA
1
2ej2H dt


pðM
1
2
g@te;M
1
2
geÞHj
T
0 þ
a
2
jA
1
2ej2Hj
T
0 þ 2
Z T
0
jM
1
2
g@tej
2
H dt
þ
Z T
0
ð@tz;wÞG0

: ð61Þ
The last term can be estimated byZ T
0
ð@tz;wÞG0


pC½Eð0Þ þ EðTÞ þ
Z T
0
½jzj20;G0 þ j@twj
2
0;G0  dt ð62Þ
pC½Eð0Þ þ EðTÞ þ C
Z T
0
½jzj21=2þe;O þ CajA
1=2@tej
2
0;G0  dt: ð63Þ
J. Cagnol et al. / J. Differential Equations 186 (2002) 88–121112
Since jM
1
2
g@tej2HpCjA
1
2@tej2H; we can combine (60)–(62) to give the desired
estimate:Z T
0
½jM
1
2
g@tej2H þ jA
1
2ej2H dt
pC½Eð0Þ þ EðTÞ þ C
Z T
0
½jzj21=2þe;O þ ajA
1=2@tej20;G0  dt: & ð64Þ
8.2. Estimate of the wave energy
Lemma 21. Consider the wave equation with boundary conditions:
@ttz ¼ Dz in O ð0;TÞ; ð65aÞ
@
@n
z ¼ d1@tz on G1  ð0;TÞ; ð65bÞ
@
@n
z ¼ d0 @tz þ @tw on G0  ð0;TÞ: ð65cÞ
Let EzðtÞ be the energy defined by
EzðtÞ ¼ j@tzj20;O þ jrzj
2
0;O: ð66Þ
Then, in the case that d0 > 0; there exist constants C1; C2 and CT such that
for any boT=2Z Tb
b
EzðtÞ dt
pC1½EzðbÞ þ EzðT  bÞ þ C2
Z T
0
ðjzj20;G þ jzj
2
0;OÞ dt
þ CT
Z T
0
ðj@twj
2
0;G0 þ d0j@tzj
2
0;G0 þ d1j@tzj
2
0;G1Þ dt þ CT lotðzÞ: ð67Þ
And, in the case that d0 ¼ 0; there exist constants C1; C2; and CT such that
for any boT=2Z Tb
b
EzðtÞ dt
pC1½EzðbÞ þ EzðT  bÞ þ C2
Z Tb
b
ðjzj20;G þ jzj
2
0;OÞ dt
þ CT
Z Tb
b
ðj@twj
2
1=2;G0 þ j@twj
2
0;G0 þ d1j@tzj
2
0;G1Þ dt þ CT lotðzÞ;
ð68Þ
where lotðzÞpC
R T
0 ðjzj
2
1d;O þ j@tzj
2
d;OÞ dt; d > 0 and the dependence of Cj on
b; e; h has not been noted.
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Proof. Assume that h is a smooth vector ﬁeld on O satisfying the geometrical
conditions (2). We perform standard multiplier calculations on Eq. (65), i.e.
multiplying Eq. (65) by z div h; z  rh; and z; respectively, integrating from s to
T ; applying the boundary conditions and the fact that h  n ¼ 0 on the
appropriate portion of G: This leads to (for details see, e.g., [1,10,25]), for d0 > 0;Z T
s
EzðtÞ dtpC1½EzðsÞ þ EzðTÞ þ C2
Z T
s
ðjzj20;O þ jzj
2
0;GÞ dt
þ C3
Z T
s
ðd1j@tzj20;G1 þ d0j@tzj
2
0;G0 þ j@twj
2
0;G0 Þ dt
þ C4
Z T
s
Z
G
@
@t
z


2
h  ndG dt: ð69Þ
In the case that d0 ¼ 0; we haveZ T
s
EzðtÞ dtpC1½EzðsÞ þ EzðTÞ þ C2
Z T
s
ðjzj20;O þ jzj
2
0;GÞ dt
þ C3
Z T
s
ðd1j@tzj
2
0;G1 þ j@twj
2
0;G0 Þ dt
þ C4
Z T
s
Z
G1
@
@t
z


2
dG1 dt
þ C5
Z T
s
Z
G0
@
@n
z
@
@t
z dG0 dt: ð70Þ
The main issue here is to provide estimates for the tangential derivatives
of z on the right-hand sides of equations (69) and (70). These terms are not
bounded by the energy and sharp trace regularity theory of hyperbolic
solutions is necessary. Thus, we apply the following trace regularity result
valid for the wave equation.
Proposition 22. Let z be a solution to (65) with interior regularity
zACð0;T ; H1ðOÞÞ-C1ð0;T ; L2ðOÞÞ and boundary regularity
@
@n
z; @tzAL2ðð0;TÞ  G0Þ:
Let T > 0 be arbitrary and let b be an arbitrarily small constant such that
boT=2: Then we have thatZ Tb
b
@
@t
z


2
0;Gi
dt
pCT ;b
Z T
0
@
@n
z


2
0;G
þj@tzj20;G0
" #
dt þ
Z Tb
b
jzj21
2
e;O
dt
" #
; ð71Þ
where iAf0; 1g:
The inequality above does not follow from standard trace theory; it is an
independent trace regularity result proved in [25]. In that paper, this
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inequality is proved for the case where the tangential terms @tz; @@tz are taken
on the whole of the boundary G: The fact that the result holds for a portion
of the boundary displaying the appropriate boundary regularity follows
from the observation that measurements of @tz are needed only in the non-
elliptic sector (after microlocalization), where the argument is purely local
(see [25]). We combine this inequality with estimate (69) with s replaced by b
and T replaced by T  b to derive result (67). In the case d0 > 0 by using the
result of Proposition 22 and the geometric hypothesis we obtain the
following estimates for the critical boundary terms:Z Tb
b
Z
G
@
@t
z


2
h  n dG dt
pC
Z Tb
b
½d1j@tzj20;G1 þ d0j@tzj
2
0;G0 þ j@twj
2
0;G0  dt þ lotðzÞ; ð72Þ
Z Tb
b
Z
G
@
@t
z
@
@n
z dG dt
pC
Z Tb
b
½d1j@tzj
2
0;G1 þ d0j@tzj
2
0;G0 þ j@twj
2
0;G0  dx dt þ lotðzÞ: ð73Þ
Then Z Tb
b
EzðtÞ dt
pC1½EzðbÞ þ EzðT  bÞ þ C2
Z T
0
ðjzj20;G þ jzj
2
0;OÞ dt
þ CT
Z T
0
ðj@twj20;G0 þ d0j@tzj
2
0;G0 þ d1j@tzj
2
0;G1 Þ dt þ CT lotðzÞ: ð74Þ
In the case of d0 ¼ 0; we need to use the trace result (71) on G1; and
additionally take care of the tangential derivatives on G0 using trace theory
and Young’s inequality:Z Tb
b
Z
G0
@
@n
z
@
@t
z dG0 dt
pCe
Z Tb
b
@
@n
z


2
1=2;G0
dt þ e
Z Tb
b
@
@t
z


2
1=2;G0
dt
pCe
Z Tb
b
@
@n
z


2
1=2;G0
dt þ e
Z Tb
b
jzj21;O dt
pCe
Z Tb
b
j@twj21=2;G0 dt þ e
Z Tb
b
EzðtÞ dt:
The above inequality gives an estimate on G0: In order to obtain a similar
estimate on G1; we recall that we must have d1 > 0 and therefore we can use
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the result of Proposition 22 applied with i ¼ 1:Z Tb
b
Z
G1
@
@n
z
@
@t
z dG0 dtpC
Z Tb
b
d1jztj
2
1=2;G1 þ
@
@t
z


2
1=2;G1
dt
" #
pC
Z Tb
b
½d1jztj21=2;G1 þ jwtj
2
0;G0  dt þ lotðzÞ:
Combining the inequality above, (71), and (70) gives estimate (68). &
8.3. Uniform stability analysis
In the ﬁnal analysis, we will combine the energy estimates on the shell and
wave equations, and then absorb the lower order terms by means of a
standard compactness/uniqueness argument.
Proposition 23. With respect to the coupled PDE system (53)–(54), the
following estimate holds:Z T
0
EðtÞ dtpC1½Eð0Þ þ EðTÞ
þ CT
Z T
0
ðd0j@tzj20;G0 þ d1j@tzj
2
1;G0 þ jA
1
2@tej2HÞ dt
þ C3
Z T
0
ðjzj20;G þ jzj
2
0;OÞ dt þ CT lotðzÞ: ð75Þ
Here the energy EðtÞ is defined as in (57).
Proof. The inequality follows from Eqs. (58) and (67), (68). First, we have
added (58) and (67), (68) after multiplying (58) by a suitable constant in
order to consolidate the j@twj
2
0;G0 and jA
1
2@tej
2
H terms. In the case of d0 ¼ 0;
the term j@twj
2
1=2;G0 was majorized by jA
1
2@tej
2
H: Then, terms involving b were
eliminated using the dissipation equality (56) and the simple inequalityZ b
0
þ
Z T
ðTbÞ
 
EðtÞ dtp2bEð0Þ: &
Proposition 24. With respect to the coupled PDE system (53)–(54), there
exists a constant CT > 0 such thatZ T
0
ðjzj20;G þ jzj
2
0;OÞ dt þ CT lotðzÞ
pCT
Z T
0
ðd0j@tzj20;G0 þ d1j@tzj
2
0;G1 þ jA
1
2@tej2HÞ dt: ð76Þ
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Proof. The conclusion follows by contradiction via the usual com-
pactness and uniqueness argument. Since this argument is standard, we
shall only point out the main steps. The compactness of the lower -
order terms in z with respect to the topology induced by the energy E
follows from trace theory and the compact embedding H1ðOÞ+H1EðOÞ: As
far as uniqueness is concerned, we deal with the following overdetermined
system:
@ttz˜ ¼Dz˜ on ½0;T   O;
@tz˜ ¼ 0 on ½0;T   G;
@
@n
z˜ ¼ 0 on ½0;T   G1;
@z˜
@n
¼ @tw˜ on ½0;T   G0; ð77Þ
Mg@tt *eþA*eþ aA@t *e ¼ 0 on ½0;T   G0;
e˜G ¼ 0 on ½0;T   @G0;
w˜ ¼
@
@n
w˜ ¼ 0 on ½0;T   @G0;
fz˜ð0Þ; @tz˜ð0Þ; *eð0Þ; @t *eð0Þg ¼ fz˜0; z˜1; *e0; *e1gAX0: &
To ﬁnish off the proof of Theorem 18, we note that after absorbing the
lower order terms above, we have the following inequality:Z T
0
EðtÞ dtpC½Eð0Þ þ EðTÞ
þ CT
Z T
0
ðd0 j@tzj20;G0 þ d1 j@tzj
2
0;G1 þ jA
1
2@tej2HÞ dt: ð78Þ
As usual, in order to show the exponential decay of the semi-group, it
sufﬁces to prove that EðTÞpxEð0Þ with xo1: Applying the dissipation
equality (56) and the fact that EðTÞpEðtÞ 80ptpT in estimate (78) gives
EðTÞp C þ CT=2
T  C þ CT=2
Eð0Þ;
so that for T > 2C; EðTÞpxEð0Þ with xo1 as desired.
Appendix A. The case of piecewise constant coefﬁcients
In this appendix we show that the procedure followed in this paper to
derive the equations of motion of the shell can also be applied to a shell with
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piezoelectric patches under the assumption that the density and the Lame´
coefﬁcients of the whole structure are piecewise continuous. We consider
patches of thickness l
2
with Lame´ coefﬁcients lpc and mpc: These patches are
bonded both to the top and the bottom of the shell as shown in the ﬁgure
below:
Pout
Pin
Pout
Pin
1
1
2
2
We denote P the set of patches. We have P ¼ Pout,Pin where Pout is the set
of outer patches and Pin is the set inner patches. Their projection (by p) to
the mid-surface gives X (i.e. X is the part of the mid-surface ‘‘covered’’ by the
patches.) Then Pout is composed of patches P
1
out; P
2
out; etc. The same
notation applies to Pin: One deﬁnes
Pout ¼ xAR
3; bðxÞA
h
2
;
h
2
þ
l
2

 	
; pðxÞAX
 
;
Pin ¼ xAR
3; bðxÞA 
h
2

l
2
;
h
2

 	
; pðxÞAX
 
:
Then one should replace the shell Sh by Sh,P: This yields the kinetic energy
to be
Ek ¼
rsh
2
Z
Sh
j@tT j2 þ
rpc
2
Z
P
j@tT j2;
which gives
Ek ¼
rshh
2
Z
G0
j@teGj2 þ j@twj2 þ
rpcl
2
Z
X
j@teGj2 þ j@twj2
þ
rshh
3
24
Z
G0
jD2b@teGj2 þ jrG@twj2 /D2b@teG;rG@twS
þ
rpclðh
2 þ hl þ l2Þ
24Z
X
jD2b@teGj
2 þ jrG@twj
2 /D2b@teG;rG@twS:
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Therefore, operatorM remains bounded and coercive. Similarly, the elastic
energy gives
Ep ¼
lshh
2
j2Hw þ divG eGj
2
0;G0
þ
lshh3
24
jDGw þ trðCGeGÞ  divGðD2beGÞ þ ð4H2  2KÞwj20;G0
þ
mshh
3
12
Z
G0
tr½ðSGw þ CGeG þ GGw  eGðD2beGÞ þ wðD2bÞ
2Þ2
þ mh
Z
G0
tr½ðeGðeGÞ þ D2bw þ VGeGÞ
2
þ
lpcl
2
j2Hw þ divG eGj20;X þ
lpclðh2 þ hl þ l2Þ
24
jDGw þ trðCGeGÞ  divGðD2beGÞ þ ð4H2  2KÞwj20;X
þ
mpclðh
2 þ hl þ l2Þ
12Z
X
tr½ðSGw þ CGeG þ GGw  eGðD2beGÞ þ wðD2bÞ
2Þ2
þ mpcl
Z
X
tr½ðeGðeGÞ þ D2bw þ VGeGÞ
2:
Again, this leaves unchanged the properties of operator A:
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